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Abstract 
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j^ . We derive the relation between the Hilbert space of certain geometries under the 

Bohr-Sommerfeld quantization and the perturbative prepotentials for the supersymmetric 
five-dimensional SU{N) gauge theories with massive fundamental matters and with one 
massive adjoint matter. 

The gauge theory with one adjoint matter shows interesting features. A five-dimensional 
generalization of Nekrasov's partition function can be written as a correlation function of 
two-dimensional chiral bosons and as a partition function of a statistical model of parti- 
tions. From a ground state of the statistical model we reproduce the polyhedron which 
characterizes the Hilbert space. 
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1 Introduction 

Gauge/Gravity correspondences are fascinating properties suggested from the string theory. 
Recently, interesting correspondences were found PP |2] |S] which relate the five- dimensional 
SU{N) gauge theory compactified on a circle with eight super- charges, a certain toric variety 
called a local SU{N) geometry and a certain statistical model of partitions which is called a 
random plane partition model. In this paper we generalize the correspondence to the case of 
the gauge theory with matters. 

The four-dimensional gauge theory with eight super-charges was solved by Seiberg and 
Witten j3] and its low energy effective action is determined by a holomorphic function which 
is called a prepotential. The prepotential consists of perturbative terms and non-perturbative 
terms. Nekrasov and Okounkov solved the theory without matters by using a localization 
technique and a random partition model |6j. They generalized the partition function to the 
case of the gauge theory with fundamental matters, with one adjoint matter and the five- 
dimensional gauge theory on a circle. The partition functions are called Nekrasov's partition 
functions. Each of them is factorized to two parts, which are called the perturbative part 
and the instanton part. The perturbative (non-perturbative) prepotential is obtained from the 
perturbative (instanton) part of the partition function. 

Seiberg et al. determined the perturbative prepotentials for the five- dimensional gauge 
theories with or without matters 0. The perturbative prepotential for the SU{N) gauge 
theory is as follows: 

:F^-\a.-,rnj) = ^f2al + ^f2al + ^j2j2K-a.\'-Y: E |w ■ a + m,|3 ) (l.i; 

where a^ are vev. of the adjoint scalars, gvM is the gauge coupling constant, / labels the 
matters, rrif is the mass of the /-th matter, Wj are the weights for the /-th matter, and fcc.s. 
is the Chern-Simons coupling constant. For each theory, the cubic terms in the perturbative 
prepotential are derived from triple-intersection numbers of divisors of a certain Calabi-Yau 
manifold. However triple-intersection numbers of non-compact divisors are subtle. The author 
derived the cubic and quadratic terms in the perturbative prepotential for the theory without 
matters by calculating volume of a certain polyhedron [S]. 

If the geometry is a toric variety, it is described by a polyhedron V defined on a lattice M^ 
[H]. Integer lattice points in P fl M^ can be seen as physical states of the Hilbert space for the 
geometry under the Bohr-Sommerfeld quantization. The cardinality of P fl M^ becomes the 
dimension of the Hilbert space. For the local SU{N) geometry, which is non-compact and can 
be seen as an ALE space fibred over CP^ , the cardinality is infinite and the dimension is naively 
infinite. Nevertheless it is regularized by using a complement of V, which is a deviation from a 
singular limit. With a suitable identification between geometric parameters and gauge theoretic 
parameters, the perturbative prepotential for the five- dimensional gauge theory without matters 
emerges from the dimension. 

V can be introduced by means of a Weil divisor D. When the toric variety is compact and 
the polyhedron is enough large for the lattice to be regarded as continuous, the self-intersection 



numbers of D and the volume of V are related as follows: 

iD'^ = Vol(P), (1.2) 

where d is the dimension of the variety and D'^ denotes (i-times self- intersection of D. However 
for non-compact toric varieties there are no equation like ()1.2j) . 

The instanton part of Nekrasov's partition functions is obtained from the amplitude of the 
topological A- model strings on the local geometry by using topological vertexes [0] POj- The 
topological vertex can be seen as a random plane partition model ^2]- The perturbative and 
instanton part of Nekrasov's partition function for the five-dimensional gauge theory without 
matters are derived from the random plane partition model [II. The polyhedron for the local 
geometry is reproduced from a ground state of the random plane partition model [3] . 

In this paper, we generalize the triality, between gauge theories, geometries and statistical 
models. We reconstruct the perturbative prepotentials for the five-dimensional SU{N) gauge 
theories with fundamental matters and with one adjoint matter from the dimension of the 
Hilbert spaces of certain geometries. We express a five- dimensional generalization of Nekrasov's 
partition function for the U{1) gauge theory with one adjoint matter as a correlation function 
of two-dimensional free chiral bosons and as a partition function of a certain statistical model of 
partitions. From this statistical model we can reproduce the polyhedron for the SU{N) gauge 
theory with one adjoint matter. 

This paper is organized as follows. In Section |21 we derive the relation between certain 
geometries and perturbative prepotentials for the five-dimensional SU{N) gauge theories with 
matters in the fundamental representation. In Section IHl we derive the relation between a 
certain geometry and the five- dimensional gauge theory with one adjoint matter. In Section 
El we study several properties of Nekrasov's partition function for the five- dimensional gauge 
theory with one adjoint matter. In particular, we show that it is expressed as a correlation 
function of two-dimensional free chiral bosons. In Section we rewrite the correlation function 
as a partition function of a statistical model of partitions and reproduce the polyhedron for 
the geometry from a ground state of the statistical model. Relations between fermions and 
partitions are in appendix ^ 

2 Perturbative prepotentials with fundamental matters 
from polyhedrons 

2.1 The case of iV^ = 

Our goal in this section is to describe the relation between the Hilbert space for a certain toric 
variety and the perturbative prepotential for the five-dimensional SU{N) gauge theory with 
massive matters in the fundamental representation. We conveniently start with the case of no 
matters. In this case, the relevant geometry is called the local SU{N) geometry as described 
in in]. It is a non-compact Calabi-Yau manifold, a three-dimensional toric variety and seen as 
an ALE space fibred over CP^. The fibration is characterized by an integer kc.s. G [1, A^], which 



is called framing. The geometry is quantized by the Bohr-Sommerfeld quantization. States in 
the Hilbert space turn to be represented by integer lattice points in a certain polyhedron. The 
dimension of the Hilbert space approximates to the volume of this polyhedron as the string 
coupling constant Qst goes to 0. By a certain identification between geometric parameters 
and gauge theoretic parameters, the volume yields the perturbative prepotential for the five- 
dimensional gauge theory with no matters. 

Recall that in quantum mechanics the Bohr-Sommerfeld quantization is carried out by 
imposing a condition on classical paths in a phase space. In the case of a particle moving in 
d-dimensional space, the condition for the Bohr-Sommerfeld orbits C is 



llY^p^d,^ 



^ . . .„^. ez, (2.11 

h 

where g* is the i-th component of the coordinate of the particle, pi is the i-th component of 
its momentum and h is the Planck constant. There exist a symplectic two- form denoted by 
X]j=i dpiAdq^ on the phase space. For the quantization to be applicable to the system, integrals 
of the symplectic two-form over compact two-cycles in the phase space must be in hZ. 

Every (i-dimensional toric variety is determined by a fan p. The fan consists of cones in 
Mk, where Mr = M ®M. and M is a li-dimensional lattice. Each cone is generated by a finite 
number of vectors in the lattice, which are called primitive vectors, and its apex is at the origin 
of M. Let Cj (1 < 2 < 3) be the generators of M. If the toric variety is a Calabi-Yau manifold, 
the 63 components of all the primitive vectors can be set to one. We denote such vectors by 

Vij =iei+je2 + e3, i,jeZ. (2.2) 

The fan for the local SU{N) geometry consists of the following three-dimensional cones 
besides their faces. 



I^>0'yOi + IR>0'yOj+l + IR>0'yiO; 
^^>0V0j + R>0'yOi+l + ^>0V-lN-kc.s. 



for all < J < A^ - 1, (2.3) 



where Vij are as above. We denote the fan by Sp^re and the set of indices of the primitive 
vectors by Spure- 

Spure = {(0, 0), ■ ■ ■ , (0, iV), (1, 0), (-1, N - kc.s.)} ■ (2.4) 

An example of Sp^^e is shown in Figure ^ 

We apply the Bohr-Sommerfeld quantization to the local SU{N) geometry by identifying 
the variety with the phase space, the Kahler two-form with the symplectic two-form and the 
string coupling g^t with the Planck constant. There are N pieces of CP^ in the variety: One 
is the base CP^ and the others are in the fiber. The Kahler parameters for the base CP^ and 
CP^ in the fiber are denoted by Ib and tr respectively, where r runs from 1 to A^ — 1. These 
parameters are quantized for the consistent quantization. 

Tr = tr/gsu Tb = ts/gst G Z>o- (2.5) 



^"0 3 




Figure 1: T^p^re in the case of N = 3 and kc.s. = N. 



We further require the SU{N) condition [1^ on the parameters. Let us write Tr by using N 
integers Pr as Tr = pN-r+i — PN-r- We will impose the condition J2r=iPr = 0- 

The Hilbert space of the quantization can be read from a polyhedron. Let M'^ the three- 
dimensional lattice dual to M. The dual pairing is denoted by (, ). Let e* (1 < i < 3) be the 
generators of M^, which satisfy (e*, ej) = 6ij. The polyhedron Vpure is defined as follows: 

'Ppure = {me M^\{m,Vij) > -dij, ^(i, j) G Spure} , (2.6) 

where dij are certain integers and M^ = M^ ® M. The integers appear as the coefficients of a 
Weil divisor D = J^a j)65 ^^^ dijDij, where each D^j is an irreducible divisor corresponding to 
the edge M>of jj. The polyhedron can be regarded as an image of the moment map of real 3d 
torus actions. A compact edge of the polyhedron corresponds to CP^ in the geometry and its 
length corresponds to the Kahler parameter. Therefore d^j are chosen such that the following 
combinations give the Kahler parameters. 



Tj. :— dor-l ~ 2dor + "Or+l ^ 0, 



A^ - ^c.s. 



Tb := -2doo + dio + d^iN-kc.s.-^ r^— (c^oo - c^oat) > 0. (2.7) 

It turns out that the base vectors of the Hilbert space Tipure are labelled by integer lattice 
points in Vpure^M^ and the dimension oiTipure is the cardinality oiVpure^M"^ . The dimension 
is infinite since the cardinality is infinite. Nevertheless, we can regularize it P| by considering 
a deviation from the singular limit where T^, — i> with keeping Tb fixed. Let Qpure be the 
polyhedron Vpure which appears at the limit. It is surrounded by four planes: A'oo, A'oAr, Kiq 
and Ar_iAr_fcj^g , where each K-ij is a plane and orthogonal to Vij. 

Kij = {me M^\{m,Vi,) = -di^}. (2.8) 

Let Vpure be the complement of Vpure in Qpure- 

' pure ~ ^'■[^pure \ ' pure), [^■^) 

where CI means to take the closure. An example of Pp^^e i^ shown in Figure El We define the 
dimension of Hpure as the cardinality of Vp^^e ^ ^^ • 

gst ■ ^^imUpure = -QstG^^^iVpure ^ M""), (2.10) 




Figure 2: The shaded solid in the figure is V:^,,.^ in the case of N = 3 and kag = N 



where the sign is a convention. 

As Qst -^ with keeping t.^ and t^ fixed, the cardinahty becomes the volume of V^^^^, which 
is denoted by Vol(Pp^^g). It is calculated in [Hj as follows: 

N-l ^ / n \ 3 Af-l / n ^ ^ 



Vol(P, 



•pure) 



^-^ 3n(n + 1) \ ^-^ / ^^-^ 2n(n + 

n=l ^ ' \r=l / n=l ^ 



,r=l 
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n=l \ r=l 



(2.11) 



r=l 



Let us make a relation between the geometric parameters and the gauge theoretic parameters 
as follows: 



gst = PK p. = ^, gstTB = -2N\n{(3A), 
n 



(2.12) 



where (3 is the circumference of the circle in the fifth-direction, ^ is a parameter, pj. = p^ + ^r, 
^j. = jf {r — ^^^), o-r are vev. of the adjoint scalar and A is the scale parameter for the 
underlying four-dimensional theory. With this identification, the perturbative prepotential for 
the five-dimensional SU{N) gauge theory with no matters emerges from dimTipure as ^ — »• 0. 

1 
where 



- gstVoKV^^J ^ -^-^^«Te(a.; P, ln(/3A), k^.s.) + 0{h-'), (2.13) 



N 



TlZre{ar;(3M{(3k),h 



C.Sj 






Pk^ 



N 



N 



5^a,^-ln(/?A)^, 



(2.14) 



r>s 



r=l 



r>s 



2.2 The case of 1 < iV^ < 2iV 

We describe the relation between the Hilbert space for a certain non-compact toric variety under 
the Bohr-Sommerfeld quantization and the perturbative prepotential for the five- dimensional 
SU{N) gauge theory with Np (1 < Np < 2N) massive fundamental matters. There are more 
Np one-dimensional cones in the fan for the variety than the number of one-dimensional cones in 
T^pure- As in the previous section, the geometry is quantized and states in the Hilbert space turn 
to be labelled by integer lattice points in a certain polyhedron. We can obtain the perturbative 
prepotential for the five- dimensional gauge theory with Np massive fundamental matters from 
the volume of the polyhedron. 

We introduce the following integers iVj^, iV^, {If} and {rj}: 

iV,.G[l,iV], iV^e[0,iV] Nl + Nr = Np (2.15) 

= /o</i < ■■■</iv^ </jVi+i = Ar, = ro<ri< ■■•<rjv^ <r^^+i = Ar. (2.16) 

The following three-dimensional cones besides their faces provide a fan for the geometry. 

M>oWoi + ffi>o^^oj+i + K>ot;i/ for lf<3< If+i - 1, < / < A^^, 

R>oVoi, + ffi>ot^i /-I + K>o^i / for 1 < / < iVi, 

R>oVoj + M>oWoj+i + K>o^^-i/ for Tf <j < r/+i - 1, < / < Nr, 

^>oVQrf + K>oW-i/-i + K>oi;-i/ for 1 < / < A^^. 

We denote the fan by S^r^ and the set of indices of the primitive vectors by S^p- 



(2.17) 



Snp = {(0, 0), ■ ■ ■ , (0, iV), (1, 0), ■ ■ ■ , (1, Nl), (-1, 0), ■ ■ ■ , (-1, Nr)} . 



f2.18) 



An example of Sat^ is shown in Figure El The other choices of //, rj in fl2.16|) yield geometries 
which are related with each other by flop transitions. 



^0 3 



^^-11 




^^13 



fl2 



^^11 



Figure 3: S^Vj^ in the case of N = 3, Nl = 3, {h, I2, h) = (1, 1, 2), Nr = 1 and ri = 1. 



We apply the Bohr-Sommerfeld quantization to the geometry. The base vectors of the 
Hilbert space Hnp of the quantization is labelled by points in the intersection of M^ and the 
following polyhedron Vnp'- 



V 



Np 



{meM^ 



{m, Vij 



) > -dij, ^(i,j) G Snp} 



(2.19) 



where dij are certain integers. The integers appear as the coefficients of a Weil divisor D = 
S(i i)gSiv ^ij^ij^ where each Dij is an irreducible divisor corresponding to the edge R>ofjj. 
Their linear combinations are identified with the Kahler parameters by using the moment map. 
It turns out that the Kahler parameters are determined by Tb, Tr, which are given in ()2.7|1 . 
and the following Np parameters Tm/- 

J. ^ iJ!{doo-doN)-dif-i + dif ioTl<f<NL ^^ 20) 

""■^ \jf{doo-dQN) -d-if-NL-i + d_if^N^ ioT Nl + 1< f <Nf. 

We require 

Tb, Tr, T^, > 0, V e [1, iV - 1], 7 e [1, Nf]. (2.21) 

We further require the SU{N) condition [1 on T^ and the following conditions^: 



Tif > i Ef=i(A^ - r)Tr - Y!r=i Tr + T^, > for 1 < / < iVi, 
Trj> iT.r=iiN-r)Tr-j::.L\'Tr + T >0 for 1 < / < iV^. 



(2.22) 
Tmj appear in M^ as distances between intersection points of Kij, where Kij are defined in 

(eSd- 

^ ^UKoonKoNnKio)ei-{KoNnKif^,nKif)e*^ ioil<f<NL, 

where the subscript means to take the e* component of the points. 

Let Qnf be the polyhedron Vnp which appears at the limit where T^ ^ with keeping Tg 
and Tmf fixed. Q^^ is surrounded by N + Np + 3 planes: -K'oO) Kq^, Kiq,- ■ ■ , Ku^^^, K_iq, ■ ■ ■ , 
K-iNj^. Each apex of Qnf is on M^ due to the SU{N) condition. Let Vff^ be the complement 
oiVNp in Qnp- 

np = C\ie^,\VN,), (2.24) 

where CI means to take the closure. An example of V^ is shown in Figure |3] We regularize 
the dimension of the Hilbert space by using V^ . 

g,t ■ dimHNp = -^.tCard(P^^ n M^). (2.25) 

As Qst — * with keeping gstTB, QstTr and gstTmf fixed, dmxTiiqp approximates to the volume 
of VIj^ times minus one. As a solid, P^^ is obtained from V^^re i^ ^^^ "^^^^ ^^ ^c.s. = iV by 
removing two solid Pi and Pr. 

Vkp = T^pure\ka.s=N \ (Pl U Pr) (2.26) 

An example of Pl and Pr are shown in Figure El and the relation of V^^re^ 'P'nf^ ^l and Pr is 
shown in Figure IHl We see below that the matter terms in the perturbative prepotential emerge 
from the volume of Pl and Pr. 
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Kio 



Ki 



Kr. 



Ku 




Figure 4: The shaded solid m the figure is V%p in the case of N = 3, Nl = 3, {li,l2,h) 
(1,1,2), Nr = 1 andn = 1. 





Figure 5: Pl (left) and Pr {right) m the case ofN = 3,NL = 3, {h, h, h) = (1, 1, 2), A^r = 1 
and ri = 1. 



We calculate the volume of Pl and Pr. Pl is sliced into triangular pyramids by Ki, 

[1 < n < Nl - I) and Kq^ {h + I < m < N - I): 



Nl N~1 

Pl = U U P^^- 



1) 



(2.27) 



j=l i=lj 



where each Pij is a triangular pyramid surrounded by four planes Koi, -ft"oi+i, -^ij and Kij+i. 
The pyramids are classified into two types as in Figured according as T = — t/oj + <io j+i + dij — 
dij+i takes a positive or negative value. The pyramids in ()2.27|) belong to type (a) in Figure 

^By this condition, the Une bundle 0{D) is ample. 




Figure 6: The relation of V^^^^, Vf^^, Pl and Pr in the case of N = 3, Nl = 3, {h,l2,h) 
(1,1,2), Nr = 1 andn = 1- 




Oi+l 




Figure 7: Pij in the case of (a) —doi+doi^i+dij—dij+i > 0, and (6) —doi+doi+i+dij—dij+i < 
0. 



[7| The volume of such pyramid Pj, is iT^- Then the volume of Pl becomes 



Nl N-1 



N-1 



Vol(Pi 



j=l i=lj \r=l 

where we have used the identities 



7=1 i=L \r=l r=l 



—doi + doi+1 + dij-i — dij — 2Jr=l -^^ ~ TV Sr=l (^ ~ f)Tr — T^^ 

ioilj<i<N -l,l<j < Nl 
Similarly, Pr is sliced into triangular pyramids and its volume becomes 



Nr n-1 



N-l 



7=1 i=ri \r=l r=l 



-mMr+] 



(2.28) 



(2.29) 



(2.30) 



j=l i=rj \r=l 

Let us make a relation between the geometric parameters and the gauge theoretic parameters 



10 



as follows: 



/3 P ^F 

IT' 9ym -^ f^^ '^ 



/3 _ f-{2N-NF)H(3A) iil<NF<2N 
9ym ' 



[const. if Nf = 2N 



where mj are the mass of the fundamental matters and the meanings of the other parameters 
are same as ()2.12|) . With this identification we have 



rV\ ^-*0 



■>c 



(7,tCard(P^^ n M^) ^^ _^^,Vol(P^^; 

= -gstyo\{V;,Jkc.s=N) + ^stVol(Pi) + gstVoliPj,) 



where 



A^ ^ N „,^, ,^ V N 



P , ^ /9 V- 3 /3 V- , , ,3 /^(2fcc.s. - Nf 



^pertf o y 1 \ H Sr-^ 3 /^ V^ I , |3 PK^I^C.S. — ■^'^ F ST^ 



al 



+^\j:al (2.33) 

3 Perturbative prepotentials with one adjoint matter 
from polyhedrons 

In this section we derive the relation between the Hilbert space for a certain non-compact 
geometry with a periodic boundary condition and the perturbative prepotential for the five- 
dimensional SU{N) gauge theory with one massive adjoint matter. The non-compact geometry 
is obtained from a toric variety with certain conditions. As in the previous sections, the 
geometry is quantized and states in the Hilbert space of the quantization are labelled by integer 
lattice points in a certain polyhedron. The periodic boundary condition is archived by imposing 
a periodic boundary condition on the polyhedron. This allows us to consider only a fundamental 
region of it. The perturbative prepotential for the five- dimensional gauge theory with one 
massive adjoint matter can be obtained from the volume of the fundamental region. 

First of all, forgetting the periodic boundary condition, we consider the toric variety. The 
fan for the variety consists of the following three-dimensional cones besides their faces: 



>oVij-i + K>oVij + lli>ot'i+ij-i, "^i ez ^j e\l N] (3 r 



^>oVij + M>ofj+ij_i + M>ofj+ij, 
We denote the fan by T^adj ■ An example of T,adj are shown in Figure El 

11 



^^-13 ^03 



fl3 




^-10 ^00 ^10 

Figure 8: S^rfj in the case of N = 3. 



We apply the Bohr-Sommerfeld quantization to the geometry. The Hilbert space Hadj of 
the quantization can be read from the following polyhedron Vadj'- 



Vadj = {me M^\{m,v,j) > -dij, ^z G Z, ^j G [0,iV]} 



(3.2) 



where dij are certain integers. The integers appear as the coefficients of a Weil divisor D = 
SiGZ o<j<N^ij^ijy where each D^j is an irreducible divisor corresponding to the edge R>ofij. 
Their linear combinations are identified with the Kahler parameters by using the moment map. 
It turns out that the Kahler parameters are determined by the following parameters: 



Tbi — di^iN — dio — diN + (ij+io, 

Tmi = J^ydiO — diN — rfj+10 + C^j+lAf) 



i G Z 




re [l,N - 


- 1], ^i G Z 


i G Z. 





(3.3) 



(3.4) 



We require the parameters are non-negative and independent of the subscript i G Z. 

TB=TB^>0, Tr = T,, > 0, T^ = Tr^i > 0, ^r G [1, A^ - !]/« G Z. 
We further require the following conditions^: 

Ts+li> E:=l(^r^-^,,,+l)-iEf=l'(A^-^)(^r^-T„+l)-^m. > 0, ^SG[l,iV-2], 



i\f 7 ji — 1 l^-'rj -'rj+l/ -'mi _ U. 



N 



(3.5) 



An example of Vadj is shown in Figure IHl 

By the condition ()3.4|1 . Vadj can be seen as periodic with periodicity Tb + NTm along the 
el direction. The fundamental region Vadj can be taken as follows: 



V 



adj 



me Ml 



{m,v,,)>-d,„ V, e[0,l]/jG[0,iV], 
-Tb/2 - NT^ < (m, ei) - (i^oo n K,o)et < Tb/2 



(3.6) 



^By this condition, the hne bundle 0{D) is ample. 
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i^io 



Ki 



Kv. 



Ku 



NT„ 



T, 



B 



K, 



00 



Koi 



K, 



02 




K> 



03 



Figure 9: Vadj in the case of N = 3. 



K.i; 



Integer lattice points in Vadj H M^ label the base vectors of the Hilbert space Tiadj and the 
cardinality ofPa^jflM'^ is the dimension of the Hilbert space. The dimension can be regularized 
by considering a deviation from the singular limit where T^ ^ with keeping Tg and T^ fixed. 
Let Qadj be the polyhedron Vadj which appears at the limit. Each apex of Qadj is on M^ due 
to the SU{N) condition. Let V^^j be the complement of Vadj in ©adj- 



adj 



CKQadj\Vadj), 



(3.7) 



where CI means to take the closure. The dimension of the Hilbert space is defined as the 
cardinality of P^-HM^. 



gst ■ dimHadj = -gstCardiVadj n M'^). 



(31 



As Qst — ^ 0, the dimension approximates to the volume of Pa*. ^^ ^ solid, P^^- is obtained 
by using certain two solids Pq and Pi: 



vu = (Po u Pi) n e 



adj 1 



(3.9) 




^rriiC* e Pp„relfcc.s=o> ^i - (^00 H i^io)e* < Tb/2 



i=l 



(mi +Tb + NTra)el + {1112 + Tm)el 
+ (mi + m3- {KQQnKiQ)ei)el G Pp„,.e|fccs =0, 
mi - (i^oo n irio)ej > -Tb/2 - A^T^ 

The sum of the volume of Pq and Pi is equal to Vol(Pp„^g|fc(^ g =o)- 

Vol(Po) + Vol(Pi) = Vol(P;_Ue.s=o). 
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(3.10) 
(3.11) 

(3.12) 



Then the volume of P^^^ is 



Vo1(P:,J = Vol(P;_U,.3 =o) - Vol(P, 



adj J ; 



where Padj is 



Padj = (Po n Pi) u ((Po u Pi) \ ((Po u Pi) n 6,4,)). 



An example of Padj is shown in Figure ^1 



(3.13) 



(3.14) 



Kio 



K, 
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Koi 



Ki 



-*<.■.■.■.■ ■ 



K, 



02 



i^i: 



i^i; 



K, 



03 



Figure 10: T/ie shaded solid in the figure is Padj in the case of N = 3. 



As a solid, Padj is Pl, which appear in section |21 in the case of A^^^ = A^ — 1 and If = f for 
1 < / < A^ — 1- Hence Padj consists of the triangular pyramids Pij. 



N-2 N-1 

Padj = U [J Pij- 
j=0 i=j+l 



(3.15) 



By using equalities -doi + doi+i + dij - di^+i = Xlr=j+i Pr - ^m for < j < z < A^ - 1, we 
obtain 



^ N-2 N-1 / i 



6 



(3.16) 



jr=0 i=j+l \r=j+l 



Let us make an identification between the geometric parameters and the gauge theory 
parameters as follows: 



9 St — PK Tr — PN-r+l — PN-r, Pr — ^ , Tm — ^, 



47ri 



gstTs = - In g - N(3m, q = exp(27rzr), r - -5—, 

9yM 



(3.17) 
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where m is the mass for the adjoint matter, l/gyM i^ the gauge couphng constant and the 
meanings of the other parameters are same as ()2.12j) . With this identification, we can obtain 
the perturbative prepotential for the five-dimensional gauge theory with one massive adjoint 
matter in the case of a^+i — a^ > m from the volume of V^^^ 

- gstVoiiv:,^) = -^,,voi(p;_|,,.3=o) + ^.tVoi(p,,,) (3.18) 

— ' -^^adj i(^r](3,-lnq,0,m) ^^ + 0{h ), (3.19) 

where 

N „ N „ N dk ^ 



Ql^''rs-^2^{<^rs-m) - — ^(a,, + m) --^^a, 

r>s r>s r>s r=l 

1 ^ 

-W^-r- (3.20) 

r>s 



4 Several features of the Af = I* gauge theory 

The five-dimensional gauge theories with one massive adjoint matter, named the A/" = 1* 
gauge theories, have interesting features. We find that a five-dimensional generalization of 
Nekrasov's partition function for f/(l) gauge theory can be written as a correlation function 
of two-dimensional free chiral bosons. This property of Nekrasov's partition function for the 
four- dimensional gauge theory is described in [H]. We investigate the partition function for 
the five-dimensional gauge theory by taking several limits of the parameters. By embedding 
A^ partitions into a single partition, we can also obtain a five-dimensional generalization of 
Nekrasov's partition function for the SU{N) gauge theory from that for U{1) gauge theory. 

4.1 A 5D generalization of Nekrasov's partition function and 2D 
CFT 

We describe here the relation between a five- dimensional generalization of Nekrasov's partition 
function and a correlation function of two-dimensional free chiral bosons. Let 

TD 

/. = - G Z>o, t = e-^^ (4.1) 

n 

where m is the mass of the adjoint matter. The following equation will be a five-dimensional 

generalization of Nekrasov's partition function for U{1) gauge theory. 

Z^=i*{q,t,fi) = > gi III — — : — -— , (4.2) 

where A = (Ai, A2, ■ ■ ■ ) is a partition, which is a non-increasing sequence of non-negative inte- 
gers, and |A| = Xli^i -^j- ■'■^ ^^^ above equation, we have used 

j.n/2 _ +-n/2 
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which is called a "t^/^-integer" . This partition function is symmetric under t ^^ t ^. 

Zm=i* (q, 1 a. Ai) = ^A/'=i* (Qi i, At) (4-4) 

A two-dimensional chiral boson ip is introduced as follows: 

°° 1 J 
(^(2;) = -iJglnz + i ^ — JJ, [Jfe, Jfc'] = Mfc+fc',0- (4.5) 

n=—oo 

We will see below that Zj^=i*{q,t, n) is expressed by using ip{z) as follows: 

ZM=Aq.t,li) = TrU^":nexp(-^<^(r"+^)):j, (4.6) 

where Lq is the zero-mode of the Virasoro algebra and :: is the conformal normal ordering. It 
is convenient for the later use to rewrite ()4.2j) as follows: 

[ L\ [n - /(A)]?/. 

x[/i]:i)N det ,^V^^''V - (4-7) 

where /(A) is the length of A. 

Let us see that ()4.2|) is actually written as ()4.6p . RHS of ()4.6|) can be computed by using 
two-dimensional free fermions ip and ip*, which are the fermionization of ip. The trace in ()4.6p 
becomes the summation over the free fermion states, which are related to partitions as described 
in Section^ Let '^±{x) and \E'^(a;) be the following dressed free fermions: 

\ / M 



^±{x) = [ll^±{t-^'^)]^{x)[l[Tl\r-^^)\ (4.8) 

vn=l / \n=l / 

JJ(1 _ i±(-n+4i)^±l)-l j ^(^)^ (4 9) 

m^) = |nr±(r"+^)')^*(x)('nr^^(t-"+^)') (4.io) 

vn=l / \n=l J 

f[{l - t^^-^'+^^x^') ) ^*(x), (4.11) 
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where 

r±(z)=exp(5^-^±'^Jifc), (4.12) 



k 

k=l 



and we have used the following relations in (j4.9p and (j4.1ip : 

T±{z)^{x)T^\z) = (l-z^'^x^^y^-^ix) (4.13) 

T±{z)i;*{x)Tl\z) = il-z^'x^')ij*{x). (4.14) 

The functions T±{z) are introduced in [TTj to study Schur process, in particular, the random 
plane partition model. The mode expansions of '^±{z) and "^^{z) are 

^±(^)= Yl '^r,±z^^''^\ ni^)= Yl K±^~'''^'- (4-15) 

reZ+l/2 reZ+1/2 

By noting ()A.7|) . we find 

Tr (g^» : f[exp{-tip{t-''+^)) : 

V n=l , 

= E^'"(^'0| (fl^-'it-''-'"^)) (nr+r"^"*")) |A;0) (4.16) 

A \n=l / \n=l / 

= Vgl^l det Gfl,.^^, (4.17) 

A 

where 

G\^ = (0; -/|vl/*_,,/2,_^-,-i/2,+ |0; -/). (4.18) 

The matrix element G' has the following expression. 

G\^ = Coeff,-.-i,.(0;-/|vl/*_(x)v[/+(y)|0;-O 

= Coeff^-«-iyj TT -^±r~ ] \~] 

( ^ I _t"-^a;-i\ 1 

= Coeff,-.-i-.^.+. n 771+^ • (4-19) 

V„=i 1 - i-"+ Vy ) x-y 

For the case of G^^_^^^_,, which we want to evaluate, it is sufficient to expand the function in 
fl4.19|) by x~^ and y because Aj — i + / is positive for all 1 < z < /(A). The function in ()4.19p 
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satisfies the following differential equation. 



where 



{H + xd^ + ydy)x I Y\ — 

\ ^ — 1 -L 



l-f-Vx-M 1 



M + l 



j^ 1 - t-'+"^y J x-y 



1 



^ (1 - f-'^x-i)(l - t-'+^y) 



1 — t 2 X 

. . , n + 1 

- 1 _ t-^+ — y 
n,rn=0 k=l 



Gn,k — Gn\Zi , ■ ■ ■ , Z^_-|^, U, Z^_|_-^, ■ ■ ■ , 2;^ j, 



(4.20) 



(4.21) 
(4.22) 



e„ is the n-th elementary symmetric function, hm is the m-th complete symmetric function and 



(m+1) 



2;i = t '"'" 2 for 1 < i < /i. From the properties of symmetric functions, en,k and /im.fc satisfy 
the following equations. 



r=0 



en,fc = ^(-t''-'^)"e„_,(zr\ ■ ■ ■ , z;i), /i„,fc = ^(t-'^^ V)-/i^_^(2;^, ■ • ■ , ^m)- (4-23) 
The following equations can be found 



^nl^^l ! ■ ■ ■ ) • 



n 



il/2 



where 



) '^my^li ' ' ' 1 ^fi) 



Mtl/2! 



fj, + m — 1 
m 



tl/2 



^'^]tl/2! = Mil/2 [n - l],l/2 ■■■ [l],l/2 . 



By using (jHHD, dODD, (H^^ and (jOl, we obtain G\.. 



G 



\i+l 



jj, — n + m — 1 
m + / 



(1/2 



fi + m + I 
n + l 



(1/2 



(4.24) 



(4.25) 



(4.26) 



By using (|4.7p . (j4.17|) and (j4.26p . we arrive the equation (|4.6|) . 

4.2 Closed expression of the partition function 

Zj^=i*{q,t, fi) can be written as a summation of products of the skew Schur functions. This 
allows us to express Zj^=i*{q,t, fi) in a closed form. 
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For infinite variables {xi, X2,- ■ ■} and {yi, y2,- ■ ■ }, there are the following equations. 

oo 

{u\l[T+{xi)\X) = SA/.(a;0, (4.27) 

CO 

{Mll^Z\-yi)W) = sy^./AVi), (4.28) 



1=1 



where s\/y is the skew Schur function, A and v are partitions and A* is the transpose of A. The 
following equation is an identity [T^ . 

oo r M 1 

5^gl^lsA/.(x,)sAV.*(z/fc) = \[Ul-qT^\[{l + q'x,yk)\. (4.29) 

u,\ i=l I j,k=l ) 

Then we find the partition function is written as follows: 

-if±i\ / „■ I M+1 . 



ZAr=i.(g,t,/i) = 5^gl'ls,/.(t-^+'^)3Av.*(-t-^+'^) 



oo 



- ' (^^r,^^r'^'^'-ty^m^'^ • (-0, 

where ^^(r) is the Dedekind eta function and 6'ii(z/, r) is the theta function: 

oo 

V{r) = q''''X[{l-q-), (4.31) 

n=l 

oo 

eii{v,T) = -2exp(7rir/4)sin(7rr) JJ(l-g")(l-^g")(l-2-^g"), (4.32) 

n=l 

where g = exp(27r2r) and z = exp(27riz/). 

4.3 Several limits of the gauge theory 

We examine certain limits of the gauge theory, in particular, the limit to the four- dimensional 
gauge theory and to the five-dimensional gauge theory without matters. 

As /3 — > (t ^ 1), Zj^=i*[q,t, fi) becomes Nekrasov's partition function for the four- 
dimensional M = 2* gauge theory which is described in 0. 

oo oo 

Z^=i*(g,t,/.) ^ ^(A;0|g^°exp(-5^^J_,)exp(X^^Jfc)|A;0). (4.33) 



fc=l k=l 
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To obtain the five- dimensional gauge theory without matters, we decouple the adjoint matter 
by letting fi —>■ oo with keeping qt"^ = Q fixed. 

A \n=l / \n=l / 

- (0;O| ( n r4r("+V2))^ qu, (f[r-_\t-^"^'/'^)] |0;O),(4.34) 



^^oo, gt 



vn=0 



where we have used 

f^W^-i:^!^ ^ = ^ (4.35) 

\0 A^0. 

By setting Q = (3 A, ()4.34|) becomes Nekrasov's partition function for the five-dimensional gauge 
theory without matters 0. 

4.4 N partitions and J\f = V SU{N) gauge theories 

By embedding A^ partitions (A^ component fermions) into a single partition (one component 
fermions), we can obtain the partition function for the A/" = 1* SU{N) gauge theory from 
Zj^=i*{q,t, fi). With the embedding, Zj^=i*{q,t, fi) is factorized into two parts: One is written 
as summation over N partitions and the other is the remaining part. We obtain the instanton 
part of Nekrasov's partition function from the first part and the perturbative prepotential from 
the second part. For the case of the gauge theory with no matters this property is shown in il; . 
Let -ip^^^ and tp^^'^* be A^ component fermions labelled by r G [l,iV]. We embed the N 
component fermions into one component fermions in the standard fashion 



i^i'^ = ^^(._5,.) iji'> = i^NisHr)- (4.36) 

With this embedding, states for the A^ component fermions are mapped to states for the one 
component fermions bijectively. By using the standard correspondence between fermion states 
and partitions, for each set of A^ partitions A'-''-' and their charges Pr, the corresponding single 
partition h'{\^'^\pr) and its charge P are obtained. The relations between them are such that: 

AT 

{xM^^'^\Pr)) + P■,^> 1} = U {N{xU^^'^)+Pr);ir > l} , (4.37) 

r=l 

where Xj(A) = Aj — i + 1/2. From (j4.37|) the following two equations are found. 

P = J2pr, (4.38) 



Pr 



N ^ N N 



/(AM,p.)| = Ar^|AW| + -5^j9,2 + 5^rp,. (4.39) 



2 

r=l r=l r=l 
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For a set of charges {pr}, there is a unique partition which depends only on the charges. We 
call it a ground partition Xcp l\: Xgp = ^{4>^^\Pr)- 

Summation over partitions in ()4.2|) is expressed as summation over A^ partitions A'-'^-' and 
their charges Pr- The charges are restricted to satisfy ^^^^Pr = owing to the charge conser- 
vation (j4.38p . We factorize Zj^=i*{q,t, fi) into two parts: One is written as summation over N 
partitions and the other is the remaining part. We denote the first part by Z^'^^^{q,pr, fi) and 
the second part by ZP'^'^^{q,pr, fi). 



Zf/=i,{q,t,n) 



{Pr}{XM} 



[N{x,{X^^^)+Pr-Xj{X^'^)-ps)]^, 



tl/2 



X 



{Pr} 



Eu«i?^^-^|^"'in 



[iV(/x/iV + x,(0('-))-x,(0W))]^,,, 
[N{fi/N + a;,(AM) + p, - x, (AW) - Ps)],,;, 

[iV(x,(AW)+p,-x,(AW)-p,)]^, 



/2 



{r,ims,j) [N{xi{^(-))+Pr - a;,(0W) -p,)],V2 

[N{fi/N + X,{<f)^''-^)+Pr-X,{<f)^-'^)-Ps)] 



41/2 



yI^gp 



n 



{r,i)^is,j) 



[N{fi/N + x,(AM) +pr- a;, (AW) - p,)]^,/, 
[iV(x,(0W)+p^_a;^.(0W)_pj]^^^^ 



X < 



[iV(x,(0W)-x,(0W))],,/. 
[iV(/i/iV + x,(0W)-a;,(</.W))]^,/, 



[Ar(/i/Ar + x,(0M) + p, - a;,-(0W) - p,)],i/2 

J2Z''''\Q,Pr,f^)-Z^'^'{q,Pr,fi), 



(4.40) 



{Pr} 



where we have used (j4.39|) in the third line. 

With the following identification, we can interpret Z*""^*(g,pr, /^) and Z^^^^{q,pr, fi) respec- 
tively as the instanton part and the perturbative part of a five-dimensional generalization of 
Nekrasov's partition function for SU{N) gauge theory. 



,, , ph. 

Pr = ar/h, t = exp( — —J 



Nm Ing 



9ym 



(4.41) 



Z'-'\q,Pr,fi) = J2e 



2^irEUAW| TT 



sinh(f (a„/n + A^ - A ^'^ + j - t)) 



(r) 



J 



smh{!f{ars/h + j-t)) 



sinh(^((m + ars)/h + j - i)) 



sinh(f ((m + ars)/h+Xr - X'^' + j - %)) 



(r) 



,W 



(4.42) 



To see the emergence of the perturbative prepotential from Z'P'^^'^lqjPj., fi), we rewrite it as 
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follows: 



IAgfI 



n 



l^GPi — ^GPj + j 



Jtl/2 



[f^+J 



Jtl/2 



JAgpI TT 

(«j)GAgp 



[j - i]ti/2 [/i + XcPi 

[^(^>j)+^]tl/2 [^(^>J) -^]tl/2 



Agp j + j 



Jtl/2 



[^(^>j)]tl 



(4.43) 



/2 



where h{i,j) is the hook length for the box {i,j) G Acp: h{i,j) = Xcpi — i + ^gpj ~ i- The 
hook length are easily obtained by bicolouring each box in Xqp [IJ. We bicolour each box 
(i,j) G Xgp by (r, s) -colour (r, s G [1, A^]) when i and j satisfy Xj(Agp) G A^Z + ^ — | and 
Xj{Xqp) G iVZ — s + |. An example of the bicolouring for the SU{3) ground partition is shown 
in FigurefTTl The collection of (r, s)-coloured box forms a partition, which we call (r, s)-coloured 




Figure 11: The example of bicolouring in the case of N = 3, Ti = 2 and T2 = 5. In this case 
the ground partition is Xgp = (9, 7, 5, 5, 4, 4, 3, 3, 2, 2, 1, 1). The upper-right parenthesis in the 
figure means the map between the shading patterns of boxes and the {r,s) -colours of boxes. 



partition Xrs- The partition is Xrs = iTrsiT^, 



1, ■ ■ ■ ,1), where 



N-s 



T 



E r„, 



(4.44) 



n=N-r+l 



and Tn are defined as differences of the charges: T„ = p^-n+i — Vn-u- The box (z, j) G Xrs 
corresponds to a box in Xgp and its hook length is NiT^s —i—j + 2)+r — s. Hence there are 



22 



Trs — n boxes whose hook length are Nn + r — s. As h ^ 0, each part of ZP'^^^{q,pr, /i) become 



r>s 



;)GAgp r>s 

i)e\GP r>s ^ ^ 

E Hh{^,J)U "^'-^"^ fE(l^«'0+^(^")' (4.45) 



where we assumed a^+i — ar > ^ and /5 ^ 1 to compare the dimension counting argument in 
Sectional We can obtain the perturbative prepotential for the five- dimensional A^ = 1* SU{N) 
gauge theory from Z'^^^^{q,Pr, fi). 

lnZ^-*(g,p„/x) '"^^^°° ^^^y (a.; (3, -2NmT, 0, m) - ^^j^^^ ^^ m^ + ^0(T,,) + 0{h~'), 

(4.46) 
where ^fj^*" (a^; /?, — 2iV7rir, 0, m) is given in ()3.20|) . 

5 Statistical models of partitions and Polyhedrons 

Nekrasov's partition function for the five-dimensional U{1) gauge theory with no matters is 
expressed as a partition function of a random plane partition model pp. For the case of the 
partition function Zj^=i*{q, t, /i), we can rewrite it as a partition function of a statistical model 
of partitions. Each ground partition corresponds to a ground state of the model. We can 
reproduce the polyhedron V^^j from the ground state. The reproduction of the polyhedron in 
the case of the gauge theory with no matter is described in j3] . 
For partitions A and p, the following equations hold. 

(Air.,01.) ^ f; :[^- (5.1, 



(.|r:Hi)|.) ^ r-^>"-'" '^t::"! (5-2) 



where X y p means Ai > pi > A2 > P2 > ■ ■ ■ • By using (jS.lj) and (j5.2|) . Zj^=i* (g, t, p) is written 
as a partition function of a statistical model of partitions. 



z^=i.(g, t,p) = E(^5 01^"'^''" (^''"r+(i) • ■ •t^«r+(i)) (gr^)^° (t^°r:i(i) ■ ■ ■t^»r:i(i)) |A; o) 

A 

= E f n ^'"^"^' ) (-gt-^)l"(°)l(-r^+')l"(^)l (5.3) 



IT \n=—fi+l 
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where vr is a sequence of partitions 7r(r2) (— yU < n < fi), which satisfy the following relations, 

7r(-;u) ^ 7r(-^ + 1) ^ < 7r(0), 7r(0)V 7r(l)* > ^ 7r(^)*, n{-fi) = n{fi). (5.4) 

IT can be seen as a transposed version of plane partitions. In the case of a plane partition u, 
it is written as a sequence of partitions z/(n) satisfying ■ ■ ■ -< z^(— 2) -< z^(— 1) -< i^(0) >- z/(l) >- 
1/(2) y ■ ■ ■ and is seen as evolutions of z/(n) along n from n = — oo to n = +cxo ^T]. In the case 
of TT, it can be seen as a periodic evolution of partition 7r(n) along n. However, by the effect of 
(^g^-Myi"(o)| g^j^jj ^/x|7r(/^)|^ -j-j-^g evolution becomes more complex than the one for plane partitions. 
The effect of {qt~^y'^^^^^ is moving 7r(0) ahead by —\nq/{gst) — yU steps and the effect of t'^i'^('^)l 
is moving 7r(/i) behind by fi steps. Then the period of the evolution becomes — In q/{(3h). This 
is equal to the period of Vadj- 

For the ground partition Xgp, we can define the following set Pgp of sequences of partitions 
satisfying ()5.4|) . 

Pgp = {vr|7r(0) = AGp}. (5.5) 

There exists only one sequence of partitions, which denoted by ttgpp, whose number of boxes 
achieves the minimum in Pgp- 

^ttgpp e Pgp, s.t. \7Cgpp\ < |vr|, V G Pgp (5.6) 

ttgpp is the ground state of the statistical model. The explicit form of ttgpp is as follows: 

JmaxjAGPi - n, Af } for (n > 0) 
[maxjAcpj+n, Ks ^'^^ [n<^), 
where A^ is the following partition: 

Af = max{AGPi+^, Xgpi - ^A■ (5-8) 

To make a relation between ttgpp and V^^^ , we define the following sequence of partitions 

^ VV' \2l3h 2 ^ "■ — 2l3h 2'- 

fvrGPp(O). if||-f <n<-^ 

T{n)i = < max {7rGPp{n)i, vrGpp(yU + n)i} if - fi< n < (5.9) 

[vrGPp(0)i ifO<n<-||-f. 

Let M);^ be a lattice generated by el, -^62 and 63. We can reproduce all points m + (-ft'oTV H 
i^Tio n KiTv) e P^rf_,- n M;^ from the partitions T(n) (^ - f < ^ < -^ - f ) bijectively by the 
following map: 

{^(^i + ^(-/" + j-i + 1)62 + (/i - n + 2 - l)e^ for ^^- fi/2 < n < -fi 
"^^i + j^{^ + J ^ i + 1)^2 + (— "- + ^ — 1)63 for — /i < n < 

^et + ^(j - ^ + l)e; + (^ - l)e^ for < n < -^^^ - /i/2, 

where (z,j) G T(?7,). 
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A Partitions and fermions 

A partitions A is a sequence of non-negative integers: A = (Ai, A2, ■ ■ ■ ). /(A) is the number of 
non-zero integers in A and called the length of A. 

Let il^iz) = ^rez+i/2'^rZ~^~^^'^ and 'ip*{z) = XlrGZ+i/2 ^*^~''^^^^ ^^ two-dimensional free 
fermions with anti-commutation relations {i/jryi/jg} = Sr+s,o- The vacuum state |0) and its dual 
state (01 are defined as follows: 

^^10) = 0, ^;|0) = O forr>0. 

{(pli^r = 0, {(plip; = for r < 0. (A.l) 

Jfc are modes of the U{1) current for the free fermions and written as follows: 

rGZ+1/2 

There is a bijective map between states of the fermions and partitions. 

|A;p) = (^_^,(A)-p---V'-xKA)-p)(V'xK0)+p---^xi(</,)+p)l0;p) (A.3) 

{X;p\ = (0;p|(7/;_^^(<^)_p---7/'_^,(^)_p)(^*^(;,)+p---V^^,(A)+p), (A.4) 

where A is a partition, p is its charge, / = /(A) and 

|A; 0) and (A; 0| are written as follows: 

|A;0) = (V^„,,(A)---V'-x,(A))|0;-/(A)) (A.6) 

(A;0| = (0;-/(A)|(^;(,)---^,,(A)). (A.7) 
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